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2.1 Mathematical formulation
U = argmax Tr {U"X"XU} = argmax Tr {U"CxxU}
4 o

iy W =1

Solution:

Let's start considering the proj onto a space (K = 1). So, we want to solve the following optimization problem:
u; = argmax u] Cxxu;

stoujuy =1

If we apply Lagrange multipliers, we can include the constraint into functional by means of the lagrange multiplier A; and we arrive to an unconstraint problem
u; = argmax u] Cxxu; + A (1 —ujuy)

by making its derivate equal to zero, we obtain that the optimum solution has to satisfiy

Cxxu = Aim
which indicates that u; must be an eigenvector of the covariance matrix Cxx and A is its associated eigenvalue.
Besides, if we left-multiply this expression by uj and make use of uj u; = 1, we obtain that

u/ Cxxu; = A\

that is, the variance of the projected data by the eigenventor uy is equal to its associated eigenvalue ;. So, we can get the maximum projected variance, with a single projection, if we set this first

principal component u; as the eigenvector with the largest eigenvalue ;. Later, we can define iti principal inan i fashion by choosing each new direction as the one
eigenvector with the next highest eigenvalue so that the j variance is imi

So, we can obtain the first K projections of the PCA algorithm by solving the following eigenvalue problem
Cxxu = Au
So, the projection matrix, U, consists of the first eigenvectors of Cxx (i.e., those associated with largest eigenvalues)

U = eigs(Cxx)
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